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HOMOGENEOUS COORDINATES 
FOR ALGEBRAIC VARIETIES 

FLORIAN BERCHTOLD AND JURGEN HAUSEN 


Abstract. We associate to every divisorial (e.g. smooth) variety X with 
only constant invertible global functions and finitely generated Picard group 
a Pic(X)-graded homogeneous coordinate ring. This generalizes the usual ho¬ 
mogeneous coordinate ring of the projective space and constructions of Cox 
and Kajiwara for smooth and divisorial toric varieties. We show that the ho¬ 
mogeneous coordinate ring defines in fact a fully faithful functor. For normal 
complex varieties X with only constant global functions, we even obtain an 
equivalence of categories. Finally, the homogeneous coordinate ring of a locally 
factorial complete irreducible variety with free finitely generated Picard group 
turns out to be a Krull ring admitting unique factorization. 


Introduction 


The principal use of homogeneous coordinates is that they relate the geometry 
of algebraic varieties to the theory of graded rings. The classical example is the 
projective ?z-space: its homogeneous coordinate ring is the polynomial ring in n + 
1 variables, graded by the usual degree. Cox f| and Kajiwara 13 introduced 
homogeneous coordinate rings for toric varieties. Cox’s construction is meanwhile 
a standard instrument in toric geometry; for example, it is used in || to prove an 
equivariant Riemann-Roch Theorem, and in po[ for a description of P-modules on 
toric varieties. 

In this article, we construct homogeneous coordinates for a fairly general class 
of algebraic varieties: Let A' be a divisorial variety — e.g. A' is Q-factorial or 
quasiprojective [|| - such that X has only constant globally invertible functions 

and the Picard group Pic(A) is finitely generated. If the (algebraically closed) 
ground field K is of characteristic p > 0, then we require that the multiplicative 
group K* is of infinite rank over Z, and that Pic(A) has no p-torsion. Examples 
of such varieties are complete smooth rational complex varieties. Moreover, all 
Calabi-Yau varieties fit into this framework. 

To define the homogeneous coordinate ring of A, consider a family of line bundles 
L on X such that the classes [L] generate Pic(A). Choosing a common trivializing 
cover if for the bundles L, one can achieve that they form a finitely generated 
free abelian group A, which is isomorphic to a subgroup of the group of cocycles 
Lf 1 (G*,if). The sheaves of sections TZl, where L £ A, then fit together to a sheaf TZ 
of A-graded Ox-algebras. Such sheaves 1Z and their global sections TZ(X) are often 
studied. For example, in they have been used to characterize when Mori’s 
program can be carried out, and in JTTJ they are the starting point for quotient 
constructions in the spirit of Mumford’s Geometric Invariant Theory. 
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A first important observation is that we can pass from the above A-graded Ox- 
algebras 1Z to a universal Ox-algebra A, which is graded by the Picard group 
Pic(Al). This solves in particular the ambiguity problem mentioned in |^, Remark 
p. 341]. More precisely, we introduce in Section |] the concept of a shifting family 
for the Ox-algebra TZ. This enables us to identify in a systematic manner two 
homogeneous parts 7 Zl and 7 Zl> if L and L' define the same class in Pic(X). The 
result is a projection 1Z —> A onto a Pic(X)-graded Ox-algebra A. 

The homogeneous coordinate ring of X then is a pair (A, 21). The first part A is 
the Pic(W)-graded K-algebra of global sections A{X). The meaning of the second 
part 21 is roughly speaking the following: It turns out that A is the algebra of 
functions of a quasiaffine variety X. Such algebras need not of finite type over K, 
and 21 is a datum describing all the possible affine closures of X. From the algebraic 
point of view, the homogeneous coordinate ring is a freely graded quasiaffine algebra ; 
the category of such algebras is introduced and discussed in Sections and g. 

The first main result of this article is that the homogeneous coordinate ring is 
indeed functorial, that means that given a morphism X —► Y of varieties, we obtain 
a morphism of the associated freely graded quasiaffine algebras, see Section g. In 
fact, we prove much more, see Theorem |5.7| : 

Theorem. The assignment X <— > (A, 21) is a fully faithful functor from the category 
of divisorial varieties X with finitely generated Picard group and 0*(X) = K* to 
the category of freely graded quasiaffine algebras. 


Note that this statement generalizes in particular the description of the set 
Hom(X, Y) of morphisms of two divisorial toric varieties X , Y obtained by Kaji- 
wara in (p| Cor. 4.9]. In the toric situation, 0*(X) = K* is a usual nondegeneracy 
assumption: it just means that X has no torus factors. 

Having proved Theorem 5.7, the task is to translate geometric properties of a 
given variety X to algebraic properties of its homogeneous coordinate ring (A, 21). 
In Section g we do this for basic properties of X, like smoothness and normality. 
In the latter case, the K-algebra A is a normal Krull ring. Moreover, we discuss 
quasicoherent sheaves, and we give descriptions of affine morphisms and closed 
embeddings. 

In our second main result, we restrict to normal divisorial varieties X with 
finitely generated Picard group and O(X) = K. We call such varieties tame. The 
homogeneous coordinate ring (A, 21) of a tame variety X is pointed in the sense 
that A is normal with Ao = K and A* = K*. Moreover, (A, 21) is simple in the 
sense that the corresponding quasiaffine variety X admits only trivial “linearizable” 
bundles, see Section g for the precise definition. In Theorem 7.3, we show: 


Theorem. The assignment X i— > (A, 21) defines an equivalence of the category of 
tame varieties with the category of simple pointed algebras. 


Specializing further to the case of a free Picard group gives the class of very 
tame varieties, see Section |g Examples are the Grassmannians and all smooth 
complete toric varieties. For this class, we obtain a nice description of products 
in terms of homogeneous coordinate rings, see Proposition 8.5. The possibly most 
remarkable observation is that very tame varieties open a geometric approach to 
unique factorization conditions for multigraded Krull rings, see Proposition 8.4: 


Proposition. A very tame variety is locally factorial if and only if its homogeneous 
coordinate ring is a unique factorization domain. 
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We conclude the article with an example underlining this principle: Let X be 
the projective line with the points 0,1 and oo doubled, that means that X is 
nonseparated. Nevertheless, X is very tame and its Picard group is isomorphic to 
Z 1 * * 4 . As mentioned before, A = A(A') is a unique factorization domain. It turns 
even out to be a classical example of a factorial singularity, namely 

A = K[Ti,... ,T 6 ]/(T 1 2 + ... + Tg). 

The quasiaffine variety X corresponding to the homogeneous coordinate ring of 
X is an open subset of Spec(A). The prevariety A' is a geometric quotient of X 
by a free action of a fourdimensional algebraic torus. In particular, X is locally 
isomorphic to the toric variety K x (K*) 4 . That means that A is toroidal, even 
with respect to the Zariski Topology, but not toric. 
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1. Quasiaffine algebras and quasiaffine varieties 

Throughout the whole article we work in the category of algebraic varieties 
following the setup of |Q. In particular, we work over an algebraically closed field 
K, and the word point always refers to a closed point. Note that in our setting a 
variety is reduced but it need neither be separated nor irreducible. 

The purpose of this section is to provide an algebraic description of the category 
of quasiaffine varieties. The idea is very simple: Every quasiaffine variety X is 
an open subset of an affine variety X' and hence is described by the inclusion 
O(X') C 0( A) and the vanishing ideal of the complement X' \ X in O(X'). 

However, in general the algebra of functions 0(X) of a quasiaffine variety X is 
not of finite type, see for example |2^]. Thus there is no canonical choice of an 
affine closure X' for a given X. To overcome this ambiguity, we have to treat all 
possible affine closures at once. 

We introduce the necessary algebraic notions. By a K-algebra we always mean 
a reduced commutative algebra A over K having a unit element. We write (I) for 
the ideal generated by a subset / C A. The set of nonzerodivisors of a K-algebra 
A is denoted by nzd(A). Recall that we have a canonical inclusion A C nzd(A) -1 A 
into the algebra of fractions. 
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Definition 1.1. Let A be a K-algebra. 

(i) A closing subalgebra of A is a pair ( A', I ') where A! C A is a subalgebra 
of finite type over IK and I' C A' is an ideal in A ’ with 

I’ = \J (/' l~l nzd(A)}, A= p) Af, A' f = A f for all / £ 

fGl'nnzd(A) 


(ii) Two closing subalgebras (A 1 ,1 1 ) and (A",/") of A are called equivalent if 
there is a closing subalgebra (A'", /"') of A such that 

A' U A" c A'", I= y/JF) = 


Note that LA (ii) does indeed define an equivalence relation. In terms of these 
notions, the algebraic data to describe quasiaffine varieties are the following: 


Definition 1.2. (i) A quasiaffine algebra is a pair (A, 21), where A is a K- 

algebra and 21 is the equivalence class of a closing subalgebra (A',/') of 

A. 

(ii) A homomorphism of quasiaffine algebras (13,23) and (A, 21) is a homo¬ 
morphism p: B —> A such that there exist (B',J’) £ 18 and (A 1 ,1 1 ) £ 21 
with 

p(B') c A', I' c y/iffiffi))- 


We show now that the category of quasiaffine varieties is equivalent to the cate¬ 
gory of quasiaffine algebras by associating to every variety X an equivalence class 
D(X) of closing subalgebras of 0(X). We use the following notation: Given a 
variety X and a regular function / £ O(X), let 

X f :={xGX- /(;r)^0}. 

Definition 1.3. Let A' be a quasiaffine variety. Let A' C 0{X) be a subalgebra of 
finite type and /'c A' a radical ideal. We call (A',/') a natural pair on A', if for 
every / £ /' the set A/ is affine with O(Xf) = Aj and the sets A/, / g cover 
A. We define 0(A) to be the collection of all natural pairs on A. 

So, our first task is to verify that the collection D(X) is in fact an equivalence 
class of closing subalgebras of O(X). This is done in two steps: 

Lemma 1.4. Let X be a quasiaffine variety. Let (A', I') be a natural pair on X, 
and set X' := Spec(A'). 

(i) The morphism X —> X' defined by A’ C 0( A) is an open embedding, I' is 
the vanishing ideal of X'\X, and (A',/') is a closing subalgebra of 0(X). 

(ii) For a subalgebra A" C 0(X) of finite type with A! C A", consider the 
ideal I" := \J (/') of A". Then (A", I") is a natural pair on X. 

Proof. Recall that for any / g 0( A) we have O(Xf) = 0(X)f. In particular, 
A —> A' is locally given by isomorphisms Xf —> A)., / g This implies that 
A —> X' is an open embedding and that /' C A! is the vanishing ideal of A' \ A. 
Finally, (A 1 ,1') is a closing subalgebra, because up to passing to the radical, I' is 
generated by the / g I' that are nontrivial on each irreducible component of A. 

We turn to assertion (ii). Let X" := Spec(A"). It suffices to verify that the 
morphism A —> A" defined by A" C (D{X) is an open embedding and that I" C A" 
is the vanishing ideal of the complement X"\X. Again this holds, because for every 
/ g I' the map A —> X" restricts to an isomorphism Xf —> X". □ 
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Lemma 1.5. The collection D (X) of all natural pairs on a quasiaffine variety X 
is an equivalence class of closing subalgebras ofO(X). 

Proof. First note that there exist natural pairs (A 1 ,1') on X, because for every affine 
closure X C X' we obtain such a pair by setting A' := 0{X') and defining I' C A' 
to be the vanishing ideal of the complement X' \ X. Moreover, by Lemma 1.4 (i), 
we know that every natural pair is a closing subalgebra of 0(X). 

We show that any two natural pairs {A', I') and {A”, I”) on X are equivalent 
closing subalgebras of O(X). Let A"' C 0{X) be any subalgebra of finite type 
containing A! U A". Define an ideal in A"' by I'" := \/(P). Then Lemma L4 tells 
us that the pair (A'", /'") is a closing subalgebra. 

We have to show that I'" equals (I"). By Lemma 0 the morphism X —+ X'" 
defined by the inclusion A"' C O(X) is an open embedding and I'" C A'" is the 
vanishing ideal of X'" \ X. For every / £ I", the map X — > X'" restricts to an 
isomorphism Xf —> X'j'. Hence the desired identity of ideals follows from 


*= u 

fei" 


X f 


Finally, we show that if a closing subalgebra (A", I") is equivalent to a natural 
pair (A 1 ,1'), then also {A", I") is natural. Choose {A"', I"') as in [hi] (ii). By 
Lemma 1.4 (ii), the pair (A 1 ", I"') is natural. In particular, Xf is affine for every 
f £ I". Moreover, X is covered by these Xf, because I"' equals \J (/"). 


□ 


We are ready for the main result of this section. Given a quasiaffine variety 
X, we denote as before by D(X) the collection of all natural pairs on X. For a 
morphism p: X —> Y of varieties, we denote by p* : 0(Y ) —> O(X) the pullback of 
functions. 

Proposition 1.6. The assignments X i— > (O(X), D(X)) and p i— > p* define a 
contravariant equivalence of the category of quasiaffine varieties with the category 
of quasiaffine algebras. 

Proof. First of all, we check that the above assignment is in fact well defined on 
morphisms. Let tp: X —> Y be any morphism of quasiaffine varieties. Choose a 


closing subalgebra (B 1 , J') in 0(Y). By Lemma 1.4 (ii), we can construct a closing 
subalgebra {A', I') in D(X) such that p*(B') C A!. 

Now, consider the affine closures X' := Spec(H') and Y' := Spec(H') of X and Y. 
The morphism p': X' — * Y' defined by the restriction tp*: B' —> A' maps X to Y. 
Since V and J' are precisely the vanishing ideals of the complements X' \ X and 
Y'\Y, we obtain the condition required in [LSI (ii): 

Thus tp i—► p* is in fact well defined. Moreover, X (O(X), D(X)) and p p* 
clearly define a contravariant functor, and this functor is injective on morphisms. 

For surjectivity, let pt: 0{Y) —> 0(X) be a homomorphism of quasiaffine alge¬ 
bras. Let (A', I') £ O(X) and (B', J’) £ D(Y) as in 1.2 (ii). Then p defines a mor¬ 
phism p’ from Spec(H') to Spec(H'). The condition on the ideals and Lemma 1.4 (i) 
ensure that p’ restricts to a morphism p: X —*Y. Clearly, we have p* = p. 

It remains to show that up to isomorphism, every quasiaffine algebra (A, 21) arises 
from a quasiaffine variety. Let (A', I') £ 21, set X’ := Spec(H'), and let X C X’ be 











6 


F. BERCHTOLD AND J. HAUSEN 


the open subvariety obtained by removi ng t he zero set of V. Then O(X) = A, and 
(A 1 ,1') is a natural pair on X. Lemma 1.5 gives D(X) =21. □ 


We conclude this section with the observation, that restricted on the category of 
quasiaffine varieties A' with 0(X) of finite type, our algebraic description collapses 
in a very convenient way: 


Remark 1.7. For any quasiaffine algebra (A, 21) we have 

(i) The algebra A is of finite type over K if and only if (A, I) £ 21 holds with 
some radical ideal I C A. 

(ii) The quasiaffine algebra (A, 21) arises from an affine variety if and only if 
(A, A) £ 21 holds. 


2. Freely graded quasiaffine algebras 

In this section, we introduce the formal framework of homogeneous coordinate 
rings, namely freely graded quasiaffine algebras and their morphisms. The geo¬ 
metric interpretation of these notions amounts to an equivariant version of the 
equivalence of categories presented in the preceding section. 

Definition 2.1. Let (A, 21) be a quasiaffine algebra, and let A be a finitely gener¬ 
ated abelian group. We say that (A, 21) is freely graded by A (or freely A -graded) if 
there is a grading 

A = (J) Al , 

Le a 

and there exists a closing subalgebra (A', I') £ 21 admitting homogeneous elements 
fi,...,f r £ I' such that I' equals \/(fi, ■ ■ ■, f r ) and every localization Af i has in 
each degree L £ A a homogeneous invertible element. 

Example 2.2. For n > 2, the polynomial ring K[Ti,...,T„] together with the 
usual Z-grading can be made into a freely graded quasiaffine algebra: Let 21 be the 
class of (A, J), where I := (Ti,... , T n ). 

The weight monoid of an integral domain A graded by a finitely generated abelian 
group A is the submonoid A* C A consisting of all weights L £ A with Al ^ {0}. 
For the weight monoid of a freely graded quasiaffine algebra, we have: 

Remark 2.3. Let (A, 21) be a freely A-graded quasiaffine algebra. Then the weight 
monoid A* C A of A generates A as a group. 


We turn to homomorphisms. The final notion of a morphism of freely graded 
quasiaffine algebras will be given below. First we have to consider homomorphisms 
that are compatible with the structure: 


Definition 2.4. Let the quasiaffine algebras (A, 21) and (R, 23) be freely graded by 
A and F, respectively. A homomorphism fj,: (R, 23) —> (A, 21) of quasiaffine algebras 
is called graded , if there is a homomorphism fi : F —> A with 


(2.4.1) 


A< {B e ) C A^e) for all E £ T. 


By Remark 2.3, a graded homomorphism /i: (R, 23) —* (A, 21) of freely graded 
quasiaffine algebras uniquely determines its accompanying homomorphism Ji : T —► 
A. Moreover, the composition of two graded homomorphisms is again graded. 
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For the subsequent treatment of our homogeneous coordinate rings we need a 
coarser concept of a morphism of freely graded quasiafhne algebras than the notion 
of a graded homomorphism would yield. This is the following: 

Definition 2.5. Let the quasiafhne algebras (A, 21) and (I?,®) be freely graded 
by finitely generated abelian groups A and T respectively. 

(i) Two graded homomorphisms /z, u: ( B , ®) —> (A, 21) are called equivalent if 
there is a homomorphism c: T —> Aq such that for every E £ T and every 
g £ Be we have 

v{g) = c(E)fj.(g). 

(ii) A morphism —► (A, 21) of the freely graded quasiafhne algebras 

(.B,®) and (A, 21) is the equivalence class [/z] of a graded homomorphism 
M: (B,®)-(A,a). 

In the setting of (i) we shall say that /z and u differ by a character c: T —> Aq. 
Since equivalence of graded homomorphisms is compatible with composition, this 
dehnition makes the freely graded quasiafhne algebras into a category. 

We give now a geometric interpretation of the above notions. We assume for the 
rest of this section that if K is of characteristic p > 0, then our hnitely generated 
abelian groups A have no p-torsion, i.e. A contains no elements of order p. Under 
this assumption, each A dehnes a diagonalizable algebraic group 

H := Spec(K[A]). 

Recall that the characters of this group H are precisely the canonical generators 
X L , L £ A, of the group algebra K[A]. In fact, the assignment A i —* H dehnes a 
contravariant equivalence of categories, see for example Q, Section III. 8]. 

Now, suppose that a diagonalizable group H = Spec(K[A]) acts by means of 
a regular map H x X —> X on a (not necessarily affine) variety X. A function 
/ € 0(X) is called homogeneous with respect to a character x L '■ H —> K* if for 
every (t, x) € H x X we have 

=X L (t)f(x). 

For L £ A, let 0(X)l C 0(X) denote the subset of all yA-homogeneous func¬ 
tions. It is well known, use for example [fi~5[ p. 67 Lemma], that the action of H on 
X dehnes a grading 

O(X) = 0)O(X) L . 

Le a 

Recall that one obtains in this way a canonical correspondence between affine 
H-varieties and A-graded affine algebras (the arguments presented in j7j, p. 11] for 
the case A = Z also work in the general case). 

We are interested in free IT-actions on quasiafhne varieties X, where free means 
that every orbit map H —> H ■ x is an isomorphism. In this situation, we have: 


Lemma 2.6. Let the diagonalizable group H = Spec(K[A]) act freely by means of a 
regular map H x X —> X on a quasiaffine variety X. Then the associated A-grading 
of 0(X) makes (0(X),D(X)) into a freely graded quasiaffine algebra. 


Proof. Let {A", I”) be any natural pair on X, and let gi,...,g s be a system of 
generators of A". Let A' C 0(X) denote the subalgebra generated by all the homo¬ 
geneous components of the gj. Then A' is graded, and according to Lemma 1.4 (ii), 
we obtain a natural pair (A',/') on X by defining I' := \J{!")■ 
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Now, the A-grading of A! comes from an H- action on X' := Spec(A'). This fr¬ 
action extends the initial if-action on A'. In particular, the ideal I' C A! i s graded, 
because it is the vanishing ideal of the invariant set X'\X, see Lemma 1.4 (i). This 
fact enables us to verify the condition of 2.1 for I': 


Choose generators Li,...,L/. of A. Consider x £ A, and choose a homogeneous 
h £ V with h(x) 7 ^ 0. Since H acts freely, the orbit map H —> Hit is an isomorphism. 
Thus we find for every i a x Li -homogeneous regular function hi on H-x with 
hi(x) 7 ^ 0. Since H-x is closed in Xh, the hi extend to \ Li -homogeneous regular 
functions on Xh. 

For a suitable r > 0, the product / := h r h±... hk is a regular function on X' 
with f £ (h) and hence f £ I'. By construction, / is homogeneous, and we have 
f(x) 7 ^ 0. Moreover, the Laurent monomials in hi ,..., hk provide for each degree 
L £ A a y^-homogeneous invertible function on X /. Since finitely many of the Xf 
cover X, this gives the desired property on the ideal I' C A'. □ 


In order to give the equivariant version of Proposition 1.6, we have to fix the 
notion of a morphism of quasiaffine varieties with an action of a diagonalizable 
group. This is the following: 

Definition 2.7. Let G x X —> X and H x Y —> Y be algebraic group actions. A 
morphism ip: X —> Y is called equivariant if there is a homomorphism tp\ G —> H 
of algebraic groups such that for all (g, x) £ G x X we have 

<p(g-x) = p(g)-ip(x). 

This notion of an equivariant morphism makes the quasiaffine varieties with 
a free action of a diagonalizable group into a category. We obtain the following 


equivariant version of Proposition 1.6: 


Proposition 2.8. The assignments X i—> (G(X), O(X)) and ip i—> <p* define a 
contravariant equivalence from the category of quasiaffine varieties with a free di¬ 
agonalizable group action to the category of freely graded quasiaffine algebras and 
graded homomorphisms. 


Proof. By Lemma 2.6, the assignment A' i— > (0(X), D(A)) is well defined. From 


Proposition 1.6 and the observation that equivariant morphisms of quasiaffine va¬ 


rieties correspond to graded homomorphisms of quasiaffine algebras we infer func- 
toriality and bijectivity on the level of morphisms. 

In order to see that up to isomorphism any quasiaffine algebra (A, 21) which is 
freely graded by some A arises in the above manner from a quasiaffine variety with 
free diagon aliza ble group action, we repeat the corresponding part of the proof of 
Proposition 1.6 in an equivariant manner: 

Let (A', I') be as in Definition ^d]. Let A" C A be any graded subalgebra of 
finite type with A' C A", and let I" := y /(/'). Then {A", I”) belongs to 21, and 
the ideal I" still satisfies the condition of Definition |2.l[ 

The affine variety X" := Spec(A") comes along with an action of the diagonal¬ 
izable group H := Spec(K[A]) such that the corresponding grading of G(X") = A" 
gives back the original A-grading of the algebra A”. Removing the H-invariant zero 
set of I" from X" , gives a quasiaffine iJ-variety X. 
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By construction, the A-graded algebras O(X) and A coincide, and (A", I") is a 
natural pair on X. Moreover, the local existence of invertible homogeneous func¬ 
tions in each degree implies that for every x £ X the orbit map H i—> H ■ x is an 
isomorphism. In other words, the action of H on X is free. □ 


as associated freely graded quasiafhne algebra. 

The remaining task is to translate the notion of equivalence of graded homomor- 
phisms. For this let X and Y be quasiafhne varieties with actions of diagonalizable 
groups H := Spec(K[A]) and G := Spec(K[T]). Denote by (A, 21) and (13,23) the 
freely graded quasiafhne algebras associated to X and Y. 

Remark 2.10. Two graded homomorphisms fi, w. (B,% 5) —> (A, 21) are equivalent 
if and only if there is an //"-invariant morphism 7 : X —> G such that the morphisms 
ip,ip: X —> Y corresponding to /x and v always satisfy ip( x) = 7 (x)-(p(x). 


Example 2.9. The standard K*-action on K " +1 \ {0} has (A, 21) of Example 


3. Picard graded sheaves of algebras 


Let X be an algebraic variety and denote by Pic(X) its Picard group. In this 
section we prepare the dehnition of a graded ring structure on the vector space 

0 H°(X,L). 

[L]£ Pic(A') 

More generally, we even need a ring structure for the corresponding sheaves of 
vector spaces. The problem is easy, if Pic(X) is free: Then we can realize it as 
a group A of line bundles as in 0 . Sec. 2], and we can work with the associated 
A-graded Ox-algebra TZ. 

If Pic(X) has torsion, then we can at most expect a surjection A —> Pic(X) with 
a free group A of line bundles. Thus the problem is to identify in a suitable manner 
isomorphic homogeneous components of the A-graded Ox-algebra 1Z. This is done 
by means of shifting families and their associated ideals I C K, see 3.1 and 3.4. 
The quotient A := TZjl then will realize the desired ring structure. 

To begin, let us recall the necessary constructions from jn|. Consider an open 
cover it = (Ui)i£i of X. This cover gives rise to an additive group A (it) of line 
bundles on X: For each Cech cocycle £ £ Y X (U, O x ), let L^ denote the line bundle 
obtained by gluing the products Ui x K along the maps 


{x,z) 1 * (x, £ij(x)z). 

Define the sum L^ + L v of two such line bundles to be L^ . This makes the 

set A (it) consisting of all the bundles L^ into an abelian group, which is isomorphic 
to the cocycle group ^ 1 (it, 0* x ). 

When we speak of a group of line bundles on X, we think of a finitely generated 
free subgroup of some group A (it) as above. Note that for any such group A of line 
bundles, we have a canonical homomorphism A —> Pic(X) to the Picard group. 

We come to the graded Ox-algebra associated to a group A of line bundles on a 
variety X. For each line bundle L £ A, let 7 Zl denote its sheaf of sections. In the 
sequel, we shall identify TZq with the structure sheaf Ox- The graded Ox-algebra 
associated to A is the quasicoherent sheaf 

K:=®Kl, 

ls A 
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where the multiplication is defined as follows: The sections of a bundle £ A over 
an open set U C X are described by families /j £ Ox{U fl Ui) that are compatible 
with the cocycle £. For any two sections / € TZl{U) and /' £ 7 Zl'(U), the product 
( fif[) of their defining families (/*) and (/') gives us a section ff £ TZl+l'(U). 

In the sequel, we fix an open cover if = (t/;)i e j of X and a group A C A (if) of 
line bundles. Let TZ denote the associated A-graded Ox-algebra. Here comes the 
notion of a shifting family for TZ: 

Definition 3.1. Let Ao C A be any subgroup of the kernel of A — > Pic(X). By a 
Ao-shifting family for TZ we mean a family g = ( qe ) of Ox-module isomorphisms 
qe-TZ^TZ, where E £ A 0 , with the following properties: 

(i) for every L £ A and every Eg Ao the isomorphism qe maps 7 Zl onto 
7 Zl+e, 

(ii) for any two Ei,E 2 £ A 0 we have qe 1 +e 2 = Qe 2 ° QE lt 

(iii) for any two homogeneous sections f,g of 7 Z and every Eg Ao we have 
QE(fg) = fQE(g)- 

If Ao is the full kernel of A —> Pic(X), then we also speak of a full shifting family 
for 7 Z instead of a Ao-shifting family. 

The first basic observation is existence of shifting families and a certain unique¬ 
ness statement: 


Lemma 3.2. Let Ao C A be a subgroup of the kernel of A —> Pic(X). Then there 
exist Ao-shifting families for TZ, and any two such families g, g' differ by a character 
c: Ao —> 0*(X) in the sense that g' E = c(E)gE holds for all E G Ao- 

Proof. For the existence statement, fix a Z-basis of the subgroup Ao C A. For 
any member E of this basis choose a bundle isomorphism cue : 0 —> E from the 
trivial bundle 0 £ A onto Eg A. With respect to the cover U 1 this isomorphism is 
hbrewise multiplication with certain on G 0*(Uf) ; so, on Ui X K it is of the form 

(3.2.1) (x, z) i—> (x, ai{x)z). 


If a.E ': 0 —> E' denotes the isomorphism for a further member of the basis of 
Ao, then the products of the corresponding local data define an isomorphism 
otE+E''■ 0 —> E + E'. Similarly, by inverting local data, we obtain isomorphisms 
ot-E'- 0 —> —E. Proceeding this way, we obtain an isomorphism ag: 0 —> E for 


every E G A 0 . 

The local data a , of an isomorphism ole '■ 0 — > E as constructed above define as 
well an isomorphism L —> L + E for any L G A. By shifting homogeneous sections 
according to / i—> cle ° /, one obtains Ox -m odu le isomorphisms gE- TZ — > 7 Z 
mapping each 7 Zl onto 7 Zl+e- The Properties 3T (ii) and (iii) are then clear by 
construction. 

We turn to the uniq ueness statement. Let g, g' be two Ao-shifting families for 
TZ. Using Property 3T (iii) we see that for every Eg A 0 and every homogeneous 


section / of TZ, we have 


Qe 1 ° SeU) = Qe 1 0 BeU ' 1 ) = / ■ Qe 1 ° 8e{ 1 )- 
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Thus, setting c(E) := g E x o g' E (l) we obtain a map c: Ao —> 0*(X) such that g' E 
equals c(E)gE■ Properties 3.1 (ii) and (iii) show that c is a homomorphism: 

c(Ei + E 2 ) = &eI+e 2 ° s'e 1 +e 2 ( 1 ) 


— Q-e x ° Q-e 2 ° q'e 2 ° q'ei ( 1 ) 

= g- El o g-E 2 o g' Ea (g' El (1) ■ 1) 
= B-eAq'e^ 1 ) 0 ^)) 

= c{Ei)c{E 2 ). □ 


We shall now associate to any shifting family an ideal in the CT^-algebra TZ. First 
we remark that for any subgroup A 0 C A the algebra 7 Z becomes A/A 0 -graded by 
defining the homogeneous component of a class [L\ £ A/A 0 as 

n [L] '■= Ul '- 

L’e[L] 


Lemma 3.3. Let A 0 be a subgroup of the kernel of A —> Pic(X), and let g be a 
Aq- shifting family. For each given open subset U C X consider the ideal 

3(17) := (f-g E {f); f&K(U), E £ A„) c 1Z{U). 

Let L denote the sheaf associated to the presheaf U i—> 3(17). Then I is a quasico- 
herent ideal of 7 Z, and we have: 

(i) Every I{U) is homogeneous with respect to the A/ Ao-grading ofTZ(U). 

(ii) For every L £ A we have TZl{U) nI(E/) = {0}. 


Proof. First note that the ideal sheaf X is indeed quasicoherent, because it is a sum 
of images of quasicoherent sheaves. 

We check (i). Using Property 3.1 (iii), we see that each ideal 3(17) is generated 
by the elements 1 — pe( 1), where E £ Aq. Consequently, each stalk 3 X is a A/Ao- 
homogeneous ideal in A x - This implies that the associated sheaf X is a A/Ao- 
homogeneous ideal sheaf in A. 

We turn to (ii). By construction, it suffices to consider local sections / £ TZl(U)Ci 
3(17). By the definition of 3(17) and Property 3.1 (iii), there exist homogeneous 
elements /,; £ TZl^U) such that we can write / as 


(3.3.1) 


/ 


2=1 


fi - QEiifi)- 


Since 3(17) is A/A 0 -graded, all the Lj bel ong to the class [L\ in A/A 0 . Moreover, 
we can achieve in the representation ( |3.3.1 ) of / that all /, are of degree L £ [L). 
Namely, we can use Property 3.1 (ii) to write fi — pEi(fi) in the form 

fi~ QEiifi) = QL-Liifi) ~ QEi+Li-LigL-Liifi)) 

+ {-QL-Li{fi)) ~ QLt-U-gL-Liifi))- 

Moreover we can choose the representation ( 3.3.l| ) minimal in the sense that r is 
minimal with the property that every fi is of degree L. Then the Ei are pairwise 
different from each other, because otherwise we could shorten the representation 
by gathering. But this implies gEi(fi) = 0 for every i. Hence we obtain / = 0. □ 

Definition 3.4. Let Ao be a subgroup of the kernel of A —> Pic(A'), and let g be a 
Ao-shifting family for 7 Z. The ideal associated to g is the A/Ao-graded ideal sheaf 
X of TZ defined in |T3 . 
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With the aid of the ideal associated to a shifting family, we can pass from TZ to 
more coarsely graded Ox-algebras: 

Lemma 3.5. Let Ao C A be a subgroup, and let g be a Ao-shifting family with 
associated ideal X. Set A := TZ/X, and let n\ TZ —> A denote the projection. 

(i) The Ox-algebra A is quasicoherent, and it inherits a A/ Ao-grading from 
1Z as follows 

A = ® A W '■= ® n(n[L])- 

[L]eA/Ao [L]eA/A 0 

(ii) For any L £ A the induced map ttl-TZl —*■ A[l] is an isomorphism of 
Ox-modules. In particular, we obtain 

A(X)^TZ(X)/X{X). 

(iii) The Ox-algebra A is locally generated by finitely many invertible homoge¬ 
neous elements. 


Proof. The first assertion follows directly from the fact that we have a commutative 
diagram where the lower arrow is an isomorphism of sheaves: 


1Z 



A - ©[L]SA/A 0 ^[A]/ J [A] 


To prove (ii), note that ttl'- 7 Zl —> A[l] is injective by Lemma T3 (ii). For 
bijectivity, we have to show that 7 tl is stalkwise surjective. Let He a local section 
of A[l\ near some x £ X. Since A[l] equals tt(JZ[l]), we may assume that h = ir(f) 
with a local section / of TZ[ L ] near x. Write / as the sum of its A-homogeneous 
components: 

/= E /*'■ 

L'e[L] 


For every L' ^ L, we subtract /jy — Ql-L'Ul 1 ) from /. The result is a lo¬ 
cal section g of TZl near x which still projects onto h. This proves bijectivity of 
7r l : TZl —> The isomorphy on the level of global sections then is due to left 

exactness of the section functor. 

To prove assertion (iii), note that the analogous statement holds for TZ. In fact, 
for small U C A', the algebra 7 Z(U) is even a Laurent monomial algebra over 0(U). 
Together with assertion (ii), this observation gives statement (iii). □ 


Definition 3.6. Let Ao C A be a subgroup of the kernel A —> Pic(A), and let g 
be a Ao-shifting family f or T Z with associated ideal X. We call the A/Ao-graded 
Ox-algebra A '.= TZ/X of L5 the Picard graded algebra associated to g. 


If every global invertible function on A is constant, then the Picard graded 
algebras associated to different Ao-shifting f amilie s are isomorphic (a graded homo¬ 
morphism of sheaves is defined by requiring 2.4.1 on the level of sections): 


Lemma 3.7. Suppose 0*(X) = K*. Let Ao C A be a subgroup, and let g, g' be 
Ao-shifting families for TZ with associated ideals X and X'. Then there is a graded 
automorphism of TZ having the identity of A as accompanying homomorphism and 
mapping X onto X'. 
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Proof. By Lemma 3.2, there exists a homomorphism c: E —> IK* such that g' E = 
c{E)qe holds. By Lemma 3.8 stated below, this homomorphism extends to a 
homomorphism c: A —> K*. Thus we can define the desired automorphism 7Z —> TZ 
by mapping a section / £ 1Zl(U) to c(L)f £ TZl(U). □ 


In the proof of this lemma, we made use of the following standard property of 
lattices: 


Lemma 3.8. Let Ao C A be an inclusion of lattices. Then any homomorphism 
Ao —> IK* extends to a homomorphism A —> IK*. 

Let us give a geometric interpretation of Picard graded algebras. Let A be a 
group of line bundles on X with associated A-graded Ox-algebra 1Z. Fix a subgroup 
Ao of the kernel of A —> Pic(X) and a Ao-shifting family g for 7 Z. 

Similar to the preceding section, we assume for the rest of this section that in 
the case of a ground field IK of characteristic p > 0, the group A/A 0 has no p- 
torsion. Under this hypothesis, we can show that the quotient A := TZjT by the 
ideal associated to the shifting family g is reduced: 

Lemma 3.9. For every open U C X, the ideal I(U) is a radical ideal in 7 Z{U). 

Proof. First note that we may assume that U is a small affine open set such that 
TZ{U) is of finite type. Consider the affine variety Z := Spec(7 Z(U)). Then the 
A/Ao-grading of 7 Z(U) = O(Z) defines an action of the diagonalizable group H := 
Spec(lK[A/Ao]) on Z. Let Z 0 C Z denote the zero set of the ideal I(U) C 7 Z(U). 

Now we can enter the proof of the assertion. Let / £ O(Z) with f n £ T(U). 
We have to show that / £ I(U) holds. Consider the decomposition of / into 
homogeneous parts: 

/= E fm- 

[L]e A/Ao 

Since / vanishes along the 77-invariant zero set Z 0 of the A/A 0 -graded ideal X(C7), 
also every homogeneous component has to vanish along Zq. 

We show that every /[ L ] belongs to i(U). Since the fm vanish along Z 0 , Hilbert’s 
Nullstellensatz tells us that for every degree [L] some power fFL lies in T(U). Now 
consider 

9 '■= E f L ' ~ U L ' _ QL-L'(fL'))- 

L'g[L] 

Then g is A-homogeneous of degree L. Moreover, by explicit multiplication, we 
see g m £ T{U). But any A-homogeneous element of T(U) is trivial. Thus g m = 0. 
Hence g = 0, which in turn implies /[^] £ T{U). □ 

In our geometric interpretation, we use the global “Spec”-construction, see for 
example |j]. Moreover, for any homogeneous section / £ A(U), we denote its zero 
set in X by Z{f). This is well defined, because the components Arn are locally 
free due to Lemma [3A| (ii). 

Proposition 3.10. Let X := Spec(M), and let q: X —> X be the canonical map. 

(i) X is a variety, q: X —> X is an affine morphism, and we have A = q*0^. 

(ii) For a homogeneous section f £ we obtain q~ 1 (Z(f)) = V(X;f), 

where V(X; f) is the zero set of the function f £ O(X). 
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(iii) If fi £ A(X) are homogeneous sections such that the sets X \ Z{ff) are 
affine and cover X, then X is a quasiaffine variety. 


Proof. To check (i), note that X is indeed a variety, because by Lemmas }i. j| (iii) 
and 3.9, the algebra A is reduced and locally of finite type. The rest of (i) are 
standard properties of the global “Spec”-construction for sheaves of Ox-algebras. 

Assertion (ii) is clear in the case [L\ =0, because then we have Ao = Ox- For 
a general [L], we may reduce to the previous case by multiplying / locally with 
invertib le s ections of degree —{L\. Note that invertible sections exist locally by 
Lemma 3.5 (iii). □ 


4. The homogeneous coordinate ring 


In this section, we give the precise definition of the homogeneous coordinate ring 

Moreover, we show in Proposition 4.6 that 


of a given variety, see Definition 4.4 


the homogeneous coordinate ring is unique up to isomorphism. 

In order to fix the setup, recall from [|| that a (neither necessarily separated 
nor irreducible) variety X, is said to be divisorial if every x £ X admits an affine 
neighbourhood of the form X \ Z(f) where Z(f) is the zero set of a global section 
/ of some line bundle L on X. 


Remark 4.1. Every separated irreducible Q-factorial variety is divisorial, and 
every quasiprojective variety is divisorial. 

Here is the setup of this section: We assume that the multiplicative group K* 
is of infinite rank over Z, e.g. IK is of characteristic zero or it is uncountable. The 
variety X is divisorial and satisfies 0*(X) = K*. Moreover, Pic(X) is finitely 
generated and, if K is of characteristic p > 0, then Pic(X) has no p-torsion. 

Lemma 4.2. There exists a group A of line bundles on X mapping onto Pic(X). 
For any such A the associated A-graded Ox-algebra 1Z admits homogeneous global 
sections hi,... ,h r such that the sets X \ Z(hi) are affine and cover X. 

Proof. Only for the first statement there is something to show. For this, we may 
assume that Pic(X) is not trivial. Write Pic(X) as a direct sum of cyclic groups 
ni,..., n m and fix a generator P; for each R. Choose a finite open cover if of X 
such that each Pi is represented by a cocycle O*). Choose members 

Ui, Uj of it such that Ui ^ Uj holds and there is a point xq £ Ui 0 Uj. 

We adjust the ff 1 ' as follows: By the assumption on the ground field K, we find 
a\,... ,a m £ K* which are linearly independent over Z. Define a locally constant 
cochain p® by setting rf 1 ^ := ai/f^\x o) on Ui and := 1 on the Uk different 
from Ui. Let £ Z x {fd, O*) be the product of with the coboundary of r ]( l \ 
Let A C A (if) be the subgroup generated by the line bundles arising from 
..., ^ m \ By construction A maps onto Pic(X). Moreover, we have 

for the cocycle corresponding to a general element of A. By the choice of the a;, this 
cocylce can only be trivial if all exponents ni vanish. It follows that A is free. □ 

We fix a group A of line bundles on X as provided by Lemma |4.2| , and a full 
shifting family g for the A-graded Ox-algebra 1Z associated to A. Let X denote the 
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ideal associated to the shifting family g. As seen in Lemma 3.5 (i), the Ox-algebra 
A := 1Z/I is graded by Pic(A). In particular, we have a grading 

A{X) = 0 A [l] (X). 

[L]£ Pic(.Y) 

According to Lemmas [3~5| (ii) and 4.2, there are homogeneous £ A(X) 

such that the sets X\Z(fi) are affine and cover X. Hence Proposition [3.10 (iii) tells 
us that the variety X := Spec(A) is quasiaffine. Thus we have the collection 21(A) 
of natural pairs on X as closing subalgebras for A(X) = 0(A), see Lemma [Oj. 

Proposition 4.3. The pair (.4(A), 2l(A')) is a freely graded quasiaffine algebra. 
Proof. We have to show that there is a natural pair {A', I') £ 21(A) with the 


properties of Definition 2.1 


Choose homogeneous fi,...,f r £ A{ A) such that the sets A \ Z(fi) form an 
affine cover of A. Let q: X —> A be the canonical map. By Proposition 3.10 (ii), 
each Xf t equals g _1 (A \ Z^fffi) and thus is affine. Consequently the algebras 

A(X) ft = <D{ X) fi = 0{ X ft ) 

are of hnite type. Thus we hnd a subalgebra A' C A(X) of finite type satisfying 
A'f. = A(X)f i for every i. Then A := Spec(A') is an affine closure of A, and the 
vanishing ideal /' C A! of A \ A is the radical of the ideal generated by /i,..., f r . 
It follows that (A', /') is a natural pair on A. 

We verify the condition on the degrees. Given a; £ A, choose an /) with q{x) £ 
U := X \ Z(fi). By Lemma 3.5 (iii), there is a small neighbourhood Uh C U of 
x defined by some h £ 0(U) such that every [L] £ Pic(A) admits an invertible 
section in A[p\{Uh)- 

Now, Uh equals X\Z{hff) for some large positive integer n. Since finitely many 
of such Uh cover A, we obtain the desired Property 2.1 with finitely many of the 
homogeneous sections hff £ I'. □ 


Definition 4.4. We call (A(A), 21(A)) the homogeneous coordinate ring of A. 

We show now that homogeneous coordinate rings are unique up to isomorphism. 
This amounts to comparing Picard graded algebras arising from different groups of 
line bundles on A. As we shall need it later, we do this in a slightly more general 
setting: 


Lemma 4.5. Let A and T be groups of line bundles on X with associated graded 
Ox-algebras TZ and S. Suppose that the image of A —> Pic(A) contains the image 
of T —> Pic(A'), and let g be a full shifting family for 1Z. 

(i) There exist a graded homomorphism 7 : S —> TZ with accompanying ho¬ 
momorphism 7 : T —> A and a full shifting family a for T such that for 
every K £ T we have K = 7 (K), and , given an F from the kernel of 
T —> Pic(A), there is a commutative diagram of Ox-module isomorphisms 


Sr 


Sk+f 


1K+F 


■ TZ: 


■ n i{K) 

07(F) 

•7(A)+7(F) 
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(ii) Given data as in (i), let B and A denote the Picard graded algebras asso¬ 
ciated to a and g. Then one has a commutative diagram 



of graded Ox-algebra homomorphisms. The lower row is an isomorphism 
ifT and A have the same image in Pic(X). 

Proof. Let T C A(3J) and A C A(il). Then A and T embed canonically into A(2U), 
where 2U denotes any common refinement of the open covers it and 53. Hence we 
may assume that A and T arise from the same trivializing cover. 

Let K\ ,..., K m be a basis of T and choose E \,..., E m £ A in such a way that 
the isomorphism class of Ei equals the class of K t in Pic(A'). Furthermore let 
7 : P —> A be the homomorphism sending Ki to E[. For each i = l,...,m,fixa 
bundle isomorphism pKi ■ Ki —> Ei. 

By multiplying t he lo cal data of the these homomorphisms, we obtain as in 
the proof of Lemma 3.2 a bundle isomorphism [3k '■ K —> 7 (K) for every K £ T. 


Shifting sections via these [3k defines Ox -module isomorphisms 7 k'- Sk —> K^(k)- 
By construction, the 7 k fit together to a graded homomorphism 7 : S —> 1Z of 
Ox-algebras. 

Now it is clear how to define the full shifting family er: Take an F from the 
kernel of F —> Pic(X). Define <jf'- S —> S by prescribing on the homogeneous 
components the (unique) isomorphisms Sk —> Sk+f that make the above diagrams 
commutative. It is then straightforward to verify the properties of a shifting family 
for the maps ap. This settles assertion (i). 

We prove (ii). By the commutative diagram of (i), the ideal associated to er is 
mapped into the ideal associated to g. Hence, we obtain the desired homomorphism 
7 : B —> A of Picard graded algebras. 

Now, assume that the images of T and A in Pic(X) coincide. Since every 
7 k - Sk —> 'Rj(k) is an isomorphism, we can use Lemma 3.5 (ii) to see that 7 
is an isomorphism in every degree. By assumption the accompanying homomor¬ 
phism of 7 is bijective, whence the assertion follows. □ 

The uniqueness of homogeneous coordinate rings is a direct consequence of the 
Lemmas 3.7 and 4.5: 


Proposition 4.6. Different choices of the group of line bundles and the full shifting 
family define isomorphic freely graded quasiaffine algebras as homogeneous coordi¬ 
nate rings for X. 

Proof. Let A and P be two groups of line bundles mapping onto Pic(X) and let 
A and B denote the Picard graded algebras associated to choices of full shifting 
families for the corresponding A and T-graded Ox-algebras. From Lemmas 3.7 
and |P5| we infer the existence of a graded Ox-algebra isomorphism g: B —> A. In 
particular, we have B(X) = A(X). 

We show that g defines an isomorphism of quasiaffine algebras. Let (B ', J') £ 
53 (X) as in 2.1. Then Lemma O ensures that {B ', J') is a natural pair on Spec(H). 
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We have to show that (g(B'), g(I')) is a natural pair on Spec(A). Since ji is an Ox- 
module isomorphism in every degree, we have Z(g(g)) = Z{g) for any homogeneous 
g £ J'. Thus Proposition 3.10| (ii) tells us that (g(B’), p(I')) is a natural pair. □ 


5. Functoriality of the homogeneous coordinate ring 


In this section, we present the first main result. It says that homogeneous co¬ 
ordinates are a fully faithful contravariant functor, see Theorem 5.7. But first we 
have to define the homogeneous coordinate ring functor on morphisms. The basic 
tool for this definition are Picard graded pullbacks, see 5.1 and [5.3[ . 

As in the preceding section, we assume that K* is of infinite rank over Z. More¬ 
over, in this section we assume all varieties to be divisorial and to have only constant 
invertible global functions. Finally, we require that any variety has a finitely gen¬ 
erated Picard group, and, if K is of characteristic p > 0, this Picard group has no 
p-torsion. 

For a variety X fix a group A of line bundles mapping onto Pic(X) and denote 
the associated A-graded Ox-algebra by TZ. Moreover, we fix a full shifting family g 
for TZ and denote the resulting Picard graded algebra by A. For a further variety Y 
we denote the corresponding data by T, S, a , and B. Let p: X —> Y be a morphism 
of the varieties X and Y. 


Definition 5.1. By a Picard graded pullback for p: X —> Y we mean a graded 
homomorphism B —> p % A of CV-algebras having the pullback map p* : Pic(F) —> 
Pic(X) as its accompanying homomorphism. 

Note that the property of being an Oy-algebra homomorphism means in par¬ 
ticular, that in degree zero any Picard graded pullback is the usual pullback of 
functions. As a consequence, we remark: 

Lemma 5.2. Let g: B —> p*A be a Picard graded pullback for ip: X —> Y, and let 
g £ B(Y) be homogeneous. Then the zero set Z(g(g)) C X is the inverse image 
p~ 1 (Z(g)) of the zero set Z(g) C Y. 

Proof. It suffices to prove the statement locally, over small open V C Y. But on 
such V, we may shift g by multiplication with invertible elements into degree zero. 
This does not affect zero sets, whence the assertion follows. □ 


The basic step in the definition of the homogeneous coordinate ring functor on 
morphisms is to show existence of Picard graded pullbacks and to provide a certain 
uniqueness property: 

Proposition 5.3. There exist Picard graded pullbacks for ip: X —* Y. More¬ 
over, any two Picard graded pullbacks g,v: B —► p*A for p differ by a character 
c: Pic(Y) —> K* in the sense that vp = c(P)gp holds for all P £ Pic(Y). 

The proof of this statement is based on two lemmas. The first one is an extension 
property for shifting families: 

Lemma 5.4. Let II be any group of line bundles on X, and let IIo C LL be two 
subgroups of the kernel of II —> Pic(A). Then every Tlo-shifting family r° for the 
II -graded Ox-algebra T associated to II extends to a U±-shifting family r 1 for T in 
the sense that rf. = rff holds for all E £ IIo. 
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Proof. Let d be a ny II I-shifting family for T. Then d restricts to a Ilo-shifting 
family. By Lemma |3.2[ there is a character c: IIo —> 0*(X ) with Af = c(E)dE for 
all LI € IIo. As we assumed 0*(X) = K*, Lemma [bi] tells us that c extends to LL. 
Thus, setting t ^ := c(E)dE for E G III gives the desired extension. □ 


The second lemma provides a pullback construction for shifting families. By 
pulling back cocycles, we obtain the (again free) pullback group </?T. We denote 
the associated yT-graded Ox-algebra by ip*S. Indeed p*S is canonically isomor¬ 
phic to the ringed inverse image of S. Observe that we have a canonical sheaf 
homomorphism S —> p*ip*S. 

Lemma 5.5. Let To C T a subgroup, and let a be a To-shifting family for S. 

(i) The Ox-module homomorphisms p*<jf define a p*To~shift.ing family ip*a 
for tp*S. 

(ii) The ideal J* associated to ip*a equals the pullback p* J of the ideal J 
associated to a. 


Proof. For (i), note that the isomorphisms ctf'. Sk —► Sk+f can be written as 
g e-> /3 a,f ( 5 ) with unique line bundle isomorphisms (3k,f ■ K —» K + F. The family 
g>*OF corresponds to the collection p*/3k,f- T*K —> ip*K + tp*F. The properties 
of a shifting family become clear by writing the ip* (3k,f hr terms of local data as 


3.2.1 


To prove (ii), we just compare the stalks of the two sheaves in question. 
Property [O (iii), we obtain for any x £ X: 


By 


j: = F e L 0 ) 

= </(l, W )-^(a f (l, (l ))); fer 0 ) 

= (tJ)x- □ 


Proof of Proposition |5-4 We establish the existence of Picard graded pullbacks: As 
usual, let I and J denote the respective ideals associated to the shifting families g 
for TZ and a for S. Thus the corresponding Picard graded algebras are A = 1Z/T 
and B = S/ J. 

By Lemma |5.5| , we have the (^To-shifting family p*a for tp*S. Lemma |5. 4| 
enables us to choose a full shifting family extending gfa. We denote by (p\J 
the ideal associated to ip^a, and write ip^B := ip*S/p$J for the quotient. In this 
notation, we have a commutative diagram of graded CV-algebra homomorphisms 
such that the unlabelled arrows are isomorphisms in each degree: 


<p*JZ 




tp*A 




s 

B 


Indeed, the right square is standard. To obtain the middle triangle, we only 
have to show that contains the kernel of ip*S —> <p*B. But this follows from 
exactness of tp* and Lemma 5.5 (ii). Existence of the left square follows from 
combining Lemmas 


and 4.5. Now the desired Picard graded pullback of p: X 


Y is the composition of the lower horizontal arrows. 
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We turn to the uniqueness statement. Let P G Pic(U). Since Bp locally admits 
invertible sections, we can cover Y by open V C Y such that there exist invertible 
sections h € Bp(V). We define 

c(P,V) := v(h)/»(h) & 

This does not depend on the choice of h: For a further invertible g G Bp(V), 
the section g/h is of degree zero. But in degree zero any Picard graded pullback 
is the usual pullback of functions. Thus we have g(h/g) = v(h/g). Consequently, 
KflOMsO equals v(h)/p{h). 

Similarly we see that for two open V, V' C Y as above, the corresponding sections 
c(P, V) and c(P, V') coincide on the intersection <^~ 1 (U)n<^ _1 (U / ). Thus, by gluing, 
we obtain a global section c(P) G Aq(X) = 0*(X). Then it is immediate to check, 
that P i—> c(P) has the desired properties. □ 


With the help of Picard graded pullbacks we can now make the homogeneous 
coordinate ring into a functor. We fix for any morphism p: X —► Y a Picard graded 
pullback : B —* <p*A, and denote the induced homomorphism on global sections 
again by : B(Y) —> A(X). 

For a graded homomorphism v of freely graded quasiafhne algebras, we denote 
by [u] its equivalence class in the sense of Definition }2.5|. 


Proposition 5.6. The assignments X i— > {A{X), 2t(X)) and p i— > [p v \ define a 
contravariant functor into the category of freely graded quasiaffine algebras. 


Proof. By Proposition |i.3|. the homogeneous coordinate rings (A(X), 2l(X)) and 
(B(Y) 1 < B(Y)) of X and Y are in fact freely graded quasiaffine algebras. The first 
task is to show that the homomorphism fj, v : B(Y) —> A{X) associated to a mor¬ 
phism p: X —> Y is a graded homomorphism of freely graded quasiaffine algebras. 

As a Picard graded pullback, is graded and has as accompanying homomor¬ 
phism the pullback map Pic(T) —> Pic(A). Thus we are left with checking the 
conditions of Definition 1.2 (ii) for This is done geometrically in terms of the 
constructions of Proposition |3.10: 


X := Spec(A), Y := Spec(P), qx ■ X —> X, qy : Y —^ Y. 


Let (B 1 , J') G *B(y) be a closing subalgebra as in Definition [bl]. Then Lemma 1.4 
provides a closing subalgebra (A',/') G 2l(X) such that fj, v {B') C A' holds. We 
have to verify the condition on the ideals I' and J' required in 1.2 (ii). For this, 
consider the affine closures of X and Y: 


X := Spec(A'), Y := Spec(B'). 


Then the restricted homomorphism B' —> A! defines a morphism Tp\ X —> Y. 
Recall from Section that J' and J' are the vanishing ideals of the complements 
X \ X and Y \ Y. Thus we have to show that Tp maps X to Y. For this, let 
gi,...,g s G J' be homogeneous sections as in 2.1. Using Lemma Fa we obtain: 
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X = U f lx^P~ 1 {y\Z{g j ))) 

i=i 

r 

3 =1 
r 

C U Xn v ( gj ) 

3=1 

= w\n 

Finally, we check that tp i—> \p v ] is functorial. Note that by Proposition |7|, the 
class \n v \ does not depend on the choice of the Picard graded pullback of a 
given morphism. 

From this we conclude that the identity morphism of a variety is mapped to the 
identity morphism of its homogeneous coordinate ring. Moreover, as the composi¬ 
tion of two Picard graded pullbacks is a Picard graded pullback for the composition 
of the respective morphisms, the above assignment commutes with composition. □ 


In the sequel we shall speak of the homogeneous coordinate ring functor. We 
present the first main result of this article. It tells us that the morphisms of two 
varieties are in one-to-one correspondence with the morphisms of their coordinate 
rings: 


Theorem 5.7. The homogeneous coordinate ring functor X i— > („4(X), 2l(X)) and 
ip e-> [p v \ is fully faithful. 


Proof. Let X, Y be varieties with associated Picard graded algebras A and B. We 
denote the respective homogeneous coordinate rings of X and Y for short by ( A , 21) 
and (B, IB). We construct an inverse to 


Mor(X,F)->Mor((.B,23),(A2l)), \p v \. 

So, start with any graded homomorphism p: (13,25) —> (A, 21) of quasiaffine 
algebras. Then Lemma L 4 provides clo sing subalgebras {A', I') G 21 and (IT, J') G 
25 such that (B 1 , J') is as in Definition [2.l| and we have p{B') C A!. 

Consider the affine closures X := Spec(W) and Y := Spec(IT) of X := Spec(Tl) 
and Y := Spec(2?). Then p gives rise to a morphism Tp: X —> Y, and restricting 
this morphism to X yields a commutative diagram 


~ <p ^ 

X- ^Y 


IX 


1Y 


X 




where qx and qy denote the canonical maps, and the morphism ip: X —> Y has as its 
pullbacks on the level of functions the maps obtained by restricting the localizations 
p g : B g —> A^ g ) to degree zero over the affine sets Y g for homogeneous g G J'. 

Observe that applying the above procedure to a further graded homomorphism 
v. (B, 25) —> (A, 21) yields the same induced morphism X —> Y if and only if 
the homomorphisms p and v are equivalent; the “only if” part follows from the 
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uniqueness statement of Proposition [5.3| and the fact that p and v define Picard 
graded pullbacks via localizing. Thus \p\ i—> p defines an injection 

Mor((B, <B), (A, a)) -► Mor(X, Y). 


We check that this map is inverse to the one defined by the homogeneous coor¬ 
dinate ring functor. Start with a morphism p: X —> Y, and let [pip] : B —> A be as 
before Proposition 5J3. Write shortly p := p^. Consider a homogeneous g £ B such 
that V := Y \ Z(g) is affine and let U := <p _ 1 (D). Using Lemma 5.2, we obtain a 
commutative diagram 


A 


Mg)) 


Ha) 


B, 


(9) 


0 x {U)^—0 Y {V) 

where the above horizontal map is the map on degree zero induced by the localized 
map p g : B g —> . Since Y is covered by open affine sets of the form V = 

Y \Z(g), we see that the morphism X —> Y associated to p = p v is again p. □ 


So far, our homogeneous coordinate ring functor depends on the choice of the 
homogeneous coordinate ring for a given variety. By passing to isomorphism classes, 
the whole construction can even be made canonical: 


Remark 5.8. If one takes as target category the category of isomorphism classes of 
freely graded quasiafhne algebras, then the homogeneous coordinate functor X —> 
(A(X), 2l(X)) and p 1 —> [p v \ becomes unique. 


6 . A FIRST DICTIONARY 


We present a little dictionary between geometric properties of a variety and 
algebraic properties of its homogeneous coordinate ring. We consider separated- 
ness, normality and smoothness. Moreover, we treat quasicoherent sheaves, and we 
describe affine morphisms and closed embeddings. 

The setup is the same as in Sections [i] and |j: The multiplicative group IK* of the 
ground field IK is supposed to be of infinite rank over Z. Moreover, X is a divisorial 
variety with 0*(X) = K* and its Picard group is finitely generated and has no 
p-torsion if K is of characteristic p > 0 . 

Denote by (A, 21) := (A(X),Ql(X)) the homogeneous coordinate ring of X. 
Recall that A is the algebra of global sections of a suitable Picard graded Ox- 
algebra A. In the subsequ ent p roof s, w e shall often use the geometric interpretation 
provided by Propositions 3. T(il and | 2 . 8 | : 


Lemma 6.1. Consider X := Spec(A), the canonical map q: X —> X and the 
diagonalizable group H := Spec(K[Pic(X)]). 

(i) There is a unique free action of H on X such that each A[l](U) consists 
precisely of the -homogeneous functions of q -1 (Z7). 

(ii) The canonical map q: X —> X is a geometric quotient for the above H - 
action on X. 


Proof. The first statement follows from Propositions 3.1C and 


The second 


statement is due to the facts that Ox = q*(Aa) is the sheaf of invariants and the 
action of H is free. □ 
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We begin with the dictionary. It is quite easy to characterize separatedness in 
terms of the homogeneous coordinate ring: 

Proposition 6.2. The variety X is separated if and only if there exists a graded 
closing subalgebra (A' , I') £ 21 and homogeneous /i, • • ■, f r £ I' as in 2.1 such that 
each of the maps A^ ® —> A^f.f a is surjective. 

Proof. First recall that the sets Xi := X\Z{f/) form an affine cover of X. The above 
condition means just that the canonical maps from O(Xj) ® 0{Xj) to 0(Xi n Xf) 
is surjective. This is the usual separatedness criterion [|h|, Prop. 3.3.5]. □ 

Next we show how normality of the variety A' is reflected in its homogeneous 
coordinate ring (for us, a normal variety is in particular irreducible): 

Proposition 6.3. The variety X is normal if and only if A is a normal ring. 


Proof. We work in terms of the geometric data q: X 
Lemma 


X and H discussed in 


6.1. First suppose that A = A{X) is a normal ring. Then the quasiafhne 


variety X is normal. It is a basic property of geometric quotients that the variety 
A inherits normality from A, see e.g. fj], p. 39]. 

Suppose conversely that X is normal. Luna’s Slice Theorem tells us that q: X —> 
A is an IL-principal bundle in the etale topology, see |l7|, and |], Prop. 8.1]. Thus, 
up to etale maps, A looks locally like A x H. Since normality of local rings is 
stable under etale maps ]li| Prop. 1.3.17], we can conclude that all local rings of A 
are normal. 

It remains to show that A is connected. Assume the contrary. Then there is a 
connected component X± C A with q(X\ ) = A. Let Hi C H be the stabilizer of 
Ai, that means that Hi is the maximal subgroup of H with Hi-Xi = Ai. Note 
that we have t £ Hi if t-x £ X\ holds for at least one point x £ Ai. In particular, 
Hi is a proper subgroup of H. 

We claim that restricting the canonical map q: X —> A to Xi yields a geometric 
quotient for the action of Hi on Ai. Indeed, Hi acts freely on Ai. Hence we have 
a geometric quotient Ai —> Xi/Hi and a commutative diagram 


Ai 


/H i 


A i/Hi 


X 


/H 


X 


The map A i/Hi —> A is bijective, because the intersection of a g-fibre with Xi 
always is a single L/i-orbit. Since A' is normal, we may apply Zariski’s Main The¬ 
orem to conclude that X\jHi —> A is even an isomorphism. This verifies our 
claim. 

Since Hi is a proper subgroup of H, we find a nontrivial class [L\ £ Pic(A) such 
that the corresponding character y[ L l of H is trivial on Hi. We construct a defining 
cocycle for the class \L \: Cover A by small open sets Ui admitting invertible sections 
gi £ A[L]{Ui). Then the cocycle gi/gj defines a bundle belonging to the class [L\. 

On the other hand, the gt are y^-homogeneous functions on g _1 (l If). So they 
restrict to Hi-invariant functions on q~ l (Ui) 0 X\. As seen before, A' is the quo¬ 
tient of Ai by the action of H\. Thus we conclude that the gi/gj form in fact a 
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coboundary on X. Consequently, the class [L\ must be trivial. This contradicts the 
choice of [L]. □ 

Thus we see that if X is normal, then A is the ring of global functions of a 
normal variety. That means that A belongs to a intently studied class of rings: 

Corollary 6.4. Let X be normal. Then A is a Krull ring. □ 


As we did in Proposition 6.3 for normality, we can characterize smoothness in 
terms of the homogeneous coordinate ring: 

Proposition 6.5. X is smooth if and only if there is a closing subalgebra (A', I') £ 
21 such that all localizations A m are regular, where m runs through the maximal 
ideals with I' <£_ m. 

Proof. Let X := Spec(A), and consider the affine closure X := Spec(A') defined 
by any closing subalgebra (A', I') of A. Recall from Lemmas 1.4 and 1.5 that I’ is 
the vanishing ideal of the complement A' \ X. So, the regularity of the local rings 
A m , where /' (jL m, just means smoothness of A. 


The rest is similar to the proof of Proposition 3.3: The canonical map q: X —> X 


is an etale iL-principal bundle for a diagonalizable group H. Thus, up to etale maps, 
A looks locally like A x H. The assertion then follows from the fact that regularity 
of local rings is stable under etale maps, see [|ii)| Prop. 1.3.17]. □ 

We give a description of quasicoherent sheaves. Consider a graded A-module M. 
Given /i,...,/ r gias in 2.1, set Mi := Al^f.y Then these modules glue together 
to a quasicoherent Ox-module M on A. As in the toric case jl], Section 4], one 
obtains: 

Proposition 6.6. The assignment M > M defines an essentially surjective func¬ 
tor from the category of graded A-modules to the category of quasicoherent Ox- 
modules. □ 

We come to properties of morphisms. Let Y be a further variety like X, and 
denote its homogeneous coordinate ring by (-B,23). Let ip: X —> Y be any mor¬ 
phism. Denote by [//]: (-£>,23) —> (A, 21) the corresponding morphism of freely 
graded quasiaffine algebras. 

Proposition 6.7. The morphism ip: X —>Y is affine if and only if there are graded 
closing subalgebras {A’, I') £ 21 and (B' , J') £ 23 satisfying l.i such that 


Y r P = ^/W^)- 

Moreover, ip: X —> Y is a closed embedding if and only if it satisfies the above 
condition and, given g ±,..., g s £ B as in 2.1, every induced map -B( 9i ) —* A^ g .y 
is surjective. 

Proof. Let B be a Picard graded Oy-algebra with B = B(Y). Consider the affine 
closures A := Spec(A') of A := Spec(A) and Y := Spec (B') of Y := Spec(B). 
Then p: B —> A gives rise to a commutative diagram 
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The morphism ip is affine if and only if <p is affine. The latter is equivalent to the 
condition of yfP = yj(p(J')) of the assertion. The supplement on embeddings is 
obvious. □ 

7. Tame varieties 

In this section we shed some light on the question which freely graded quasiaffine 
algebras occur as homogeneous coordinate rings. As before, we assume that the 
multiplicative group K* of the ground field is of infinite rank over Z. We consider 
varieties of the following type: 

Definition 7.1. A tame variety is a normal divisorial variety X with O(X) = 
K and a finitely generated Picard group Pic(A) having no p-torsion if K is of 
characteristic p > 0. 

The prototype of a tame variety lives in characteristic zero, and is a smooth 
complete variety with finitely generated Picard group. Moreover, in characteristic 
zero, every Calabi-Yau variety is tame, and every Q-factorial rational variety X with 
0(X ) = K is tame. Finally, in characteristic zero every normal divisorial variety 
with finitely generated Picard group admits an open embedding into a tame variety. 

In order to figure out the coordinate rings of tame varieties, we need some prepa¬ 
ration. Suppose that an algebraic group G acts on a variety X. Recall that a 
G-linearization of a line bundle E —> X is a fibrewise linear G-action on E making 
the projection equivariant. By a simple G-variety we mean a G-variety for which 
any G-linearizable line bundle is trivial. 

Definition 7.2. Let A be a finitely generated abelian group, and let (A, 21) be a 
freely A-graded quasiaffine algebra. 

(i) We say that (A, 21) is pointed if A is a normal ring, Ao = K holds, and the 
set A* C A of invertible elements is just K*. 

(ii) We say that (A, 21) is simple if A has no p-torsion if K is of characteristic 
p > 0, and the quasiaffine Spec(K[A])-variety corresponding to (A, 21) is 
simple. 

These two subclasses define full subcategories of the categories of divisorial va¬ 
rieties with finitely generated Picard group and freely graded quasiaffine algebras. 
The second main result of this article is the following: 

Theorem 7.3. The homogeneous coordinate ring functor restricts to an equivalence 
from the category of tame varieties to the category of simple pointed algebras. 

Proof. Let X be a tame variety with Picard group II := Pic(X), and denote the 
associated homogeneous coordinate ring by (A, 21). Then A is the algebra of global 
sections of some Picard graded Ox-algebra, A on X. We shall use again the geo¬ 
metric data discussed in Lemma 6.1: 

X := Spec(A), q: X —> X, H := Spec(K[II]). 

The first task is to show that (A, 21) is in fact pointed. From Proposition |6.3| we 
infer that A is a normal ring. Since we assumed O(X) = K, and O(X) equals Ao, 
we have Ao = K. So we have to verify A* = K*. For this, consider an arbitrary 
element / £ A*. 

Choose a direct decomposition of II into a free part IIo and the torsion part n t . 
This corresponds to a splitting H = Hq x H t with a torus Hq and a finite group H t . 
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As an invertible element of 0( A'), the function / is necessarily TJo-homogeneous, 
see e.g. Prop. 1.1]. Thus, there is a degree P £ IIo such that 

/ = ^ fr +G , r 1 = E f—p+G" 

Gen t Gen t 

From the identity // _1 = 1 we infer that fp+cflp-c 7^ 0 holds for at least one 
component fp+c of /. Since O(X) = K holds, we see that the homogeneous section 
fp+G £ A is invertible. Thus the homogeneous component Ap+g is isomorphic 
to Ox- 

On the other hand we noted in [ll] (ii) that Ap+g is isomorphic to the sheaf of 
sections of a bundle representing the class P + G in IIo © n t . Thus P + G is trivial, 
and we obtain P = 0. Hence all homogeneous components of / have torsion degree. 
By O(X) = K this yields that fo = 0 if G ^ 0. Thus we have f £ Aq = K. 

The next task is to show that X is a simple 77-variety. For this, let PiCtf(A') 
denote the group of equivariant isomorphy classes of 77-linearized line bundles on X , 
compare 0 Sec. 2]. Moreover, let Picn n (A) C Pic(A') denote the subgroup of the 
classes of all iJ-linearizable bundles. We have to show that Picu n (A’) is trivial. 

First, we consider the possible linearizations of the trivial bundle Ixl. Using 
0*(X) = K*, as verified before, one directly checks that any linearization of the 
trivial bundle is given by a character \ of H as follows: 


(7.3.1) 


t-(x,z) := {t-x,x(t)z) 


In particular, the character group Char(FI) canonically embeds into the group 
PiCij(A). Since we obtain in 7.3.1 indeed any linearization of the trivial bundle, the 
map Char(Ff) —> Picj/(A) and the forget map Pic#(A) —> Picn n (A) fit together 
to an exact sequence, compare also [pu|. Lemma 2.2]: 


(7.3.2) 0-- Char(ff)-- Pic ff (A)-► Pici in (A)-► 0 


Thus, to obtain Picii n (X) = 0, it suffices to split the map Char(if) —> Pic//(X) 
into isomorphisms as follows: 


(7.3.3) 


Char(77)-- Pic ff (A) 



But this is not hard: The fact that q* induces an isomorphism of n = Pic(A) 
and PiCf/(X) is due to ]^6[ Prop. 4.2]. To obtain commutativity, consider PsII. 
Choose invertible sections gi £ Ap{Ui) for small open Ui covering X. Then the 
class of P is represented by the bundle P ,c arising from the cocycle 

(7.3.4) 6, := 

yi 

So the pullback class q*(P ) £ Pic#(A”) is represented by the trivially linearized 
bundle q*{P ,£), which in turn arises from the cocycle 

(7.3.5) «*(&) := q* (&)=&-. 

\9iJ 9i 
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But on X , the gt are ordinary invertible functions. So we obtain an isomorphism 
from the representing bundle q*(P .£) onto the trivial bundle by locally multiplying 
with gi. Obviously, the induced linearization on the trivial bundle is the lineariza¬ 
tion 7.3.1 for % = \ P ■ 

Thus we proved that (A, 21) is in fact a simple pointed algebra. In other words, 
the homogeneous coordinate ring functor restricts to the subcategories in consider¬ 
ation. It remains to show that up to isomorphism, every simple pointed algebra is 
the homogeneous coordinate ring of some tame variety X. 

So, let (A, 21) be a simple pointed algebra, graded by some finitely generated 
abelian group II. According to Proposition 2.8, we may assume that (A, 21) equals 
(0(X),D(X)) for some normal quasiaffme variety X with a free action of a diago- 
nalizable group H = Spec(K[II]). 

The action of H on X admits a geometric quotient q: X —> X: First divide by 
the finite factor H t of H to obtain a normal quasiaffme variety X/H t , and then 
divide by the induced action of the unit component H 0 of H on X/H t , see for 
example Jt| Ex. 4.2] and [^2| Cor. 3]. 

The candidate for our tame variety is X. Since the structure sheaf Ox is the sheaf 
of invariants q+ (0^) H and A = O(X) is pointed, we have O(X) = K. Moreover, as 
a geometric quotient space of a normal quasiaffme variety by a free diagonalizable 
group action, X is again normal and divisorial, for the latter see 0 Lemma 3.3]. 

To conclude the proof, we have to realize the (II-graded) direct image A := 
q*(0%) as a Picard graded algebra on X. First note that we have again the exact 
Since we assumed Picu n (X) = 0, the character group Char (H) 


sequence 


7.3.2 


maps isomorphically onto Pic h(X). 

Moreover, we have a canonical map II 
invertible x P_ homogeneous functions gi £ 


-*■ Pic(X): For a degree P £ II choose 

_ O^q^iUi)) with small open Ui C X 

covering X, see Definition 2T. As in 7.3.4 such functions define a cocycle £ and 
hence we may map P to the class of the bundle Pj. In conclusion, we arrive again at 
a commutative diagram as in 7.3.3. In particular, II —> Pic(X) is an isomorphism. 

In fact, the construction 7.3.4 allows us to define a group A of line bundles 
on X: As in the proof of Lemma 4.2, we may adjust the sections g t for a system of 
generators P of II, such that that the corresponding cocycles £ generate a finitely 
generated free abelian group. Let A be the resulting group of line bundles, and 
denote the associated A-graded Ox-algebra by 7Z. 

We construct a graded Ox-algebra homomorphsim 1Z —> A. The accompanying 
homomorphism will be the canonical map A —► II, associating to L its class under 
the identification II = Pic(Al). Now, the sections of TZl, where L = P^, are given 
by families (hi) satisfying 

hj = £j hi = - hi . 

9i 


This enables us to define a map TZp —► Ap by sending (hi) to the section obtained 
by patching together the higi. Note that this indeed yields a graded homomorphism 
7 Z A. By construction, this homomorphism is an isomorphism in every degree. 
Thus we only have to show that its kernel is the ideal associated a shifting family 
for 7Z. 

Let Ao C A denote the kernel of the canonical map A —> II. Then every bundle 
E £ Aq admits a global trivialization. In terms of the defining cocycle gi/gj of E 
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this means that there exist invertible local funtions gt on X with 

9j _ 9j 
9i 9i' 

The functions gt can be used to define a shifting family: Let L £ A and E £ Aq. 
Then the sections of 7 Zl are given by families (hi) of function that are compatible 
with the defining cocycle. Thus we obtain maps 

qe : El —» El+e , (hi) h-> f tJ- 

\ 9i 

By construction, the qe are homomorphisms, and they fit together to a shifting 
family g for E. It is straightforward to check that the ideal I associated to g is 
precisely the kernel of the homomorphism E —> A. □ 


8. Very tame varieties 


Finally, we take a closer look to the case of a free Picard group. The only 
assumption in this section is that the multiplicative group K* is of infinite rank 


over Z. But even this could be weakened, see the concluding Remark 3.8 


Definition 8.1. A very tame variety is a normal divisorial variety with finitely 
generated free Picard group and only constant functions. 


Examples of very tame varieties are Grassmannians and all smooth complete 
toric varieties. On the algebraic side we work with the following notion: 

Definition 8.2. A very simple algebra is a freely A-graded quasiafhne algebra 
(A, 21) such that 

(i) the grading group A of (A, 21) is free, 

(ii) A is normal, and we have Aq = K and A* = K*, 

(iii) the quasiafhne variety associated to (A, 21) has trivial Picard group. 

Again, very tame varieties and very simple algebras form subcategories, and we 
have an equivalence theorem: 


Theorem 8.3. The homogeneous coordinate ring functor restricts to an equivalence 
of the category of very tame varieties with the category of very simple algebras. 


Proof. Let A be a very tame variety. We only have to show is that the quasiafhne 
U-variety X corresponding to the homogeneous coordinate ring of X has trivial 
Picard group. Since X is normal and H is a torus, every line bundle on X is H- 
linearizable, see Remark p. 67]. But from Theorem [fl], we know that every 
iL-linearizable bundle on X is trivial. □ 


In the setting of very tame varieties, we can go further with the dictionary 
presented in Section [(]. The hrst remarkable statement is that very tame varieties 
produce unique factorization domains: 


Proposition 8.4. Let X be a very tame variety with homogeneous coordinate ring 
(A, 21). Then X is locally factorial if and only if A is a unique factorization domain. 


Proof. Let A = A(X) with some Picard graded Ox-algebra A, and the geometric 
quotient q: X —* X provided by Lemma 6.1. Since Pic(X) is free we divide by 
a torus PL. Thus q: X —> X is an H-principal bundle with respect to the Zariski 
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topology. In particular, X is locally factorial if and only if X is so. But X is locally 
factorial if and only if A is a factorial ring, because we have Pic(A) =0. □ 

Next we treat products. Let A' and Y be very tame varieties with homoge- 
neos coordinate rings (A, 21) and (I?, 03). Fix closing subalgebras {A', I') £ 21 and 


(B ', J') £ 03, as in 2.1, and consider the algebra 


A IEI B := P)(A' 0k B')f = (^|(A 0k B)f, 
f f 

where the intersections are taken in the quotient field of A' 0k B' and / runs 
through the elements of the form g ®h with homogeneous g £ I' and h £ J'. 

Now A and B are graded, say by A and T. These gradings give rise to a (A x T)- 
grading of AM B. Moreover, 


( A' 0k B', \JI' 0k J') 

is a closing subalgebra of AM B. Let 21Ex] 03 denote the equivalence class of this 
closing subalgebra. Then we obtain: 

Proposition 8.5. Let X and Y be locally factorial very tame varieties. Then X x Y 
is locally factorial and very tame with homogeneous coordinate ring (At3.B,2Uil03). 
Moreover, if A and B are of finite type over K, then AM B equals A 0k B. 

Proof. First note that for any two quasiaffine varieties X and Y with free diago- 
nalizable group actions, their product X x Y is again such a variety. Moreover, if 
X and Y have only constant invertible functions, then so does Ixf. If A and 
Y are additionally locally factorial with trivial Picard groups, then the same holds 
for X x Y, use e.g. ]|, Prop. 1.1]. 


Now, let X := Spec(A) and Y := Spec(£>). By Proposition |8^ both are locally 
factorial. By construction (A S3 B, 21 Kl 23) is the freely graded quasiaffine algebra 
corresponding to the product 1x7. Thus the above observations and Proposi- 
tell us that it is a coproduct in the category of simple pointed algebras. 

The second statement is an easy 


tion 2.8 


Hence the assertion follows from Theorem 7.3 


consequence of Remark [L7| (i). 


□ 


Corollary 8.6. Let X and Y be locally factorial very tame varieties. Then Pic(A x 
Y) is isomorphic to Pic(A') x Pic(P). 


We give an explicit example emphasizing the role of Proposition 3.4. We assume 
that the ground field K is not of characteristic two. Consider the prevariety X 
obtained by gluing two copies of the projective line Pi along the common open 
subset K* \ {1}. We think of X as the projective line with three doubled points, 
namely 

0, O', 1, V, oo, oo'. 

Note that X is smooth and divisorial. Moreover, Pic(A) is isomorphic to Z 4 . 
Thus we obtain in particular that X is very tame. Let (A(A),2l(AT)) denote the 
homogeneous coordinate ring of X. We show: 


Proposition 8.7. A{ A) = K[Ti,..., Tq]/{T f 


+n) 


Before giving the proof, let us remark that the ring A(X) is a classical example of 
a singular factorial affine algebra. In view of our results, factoriality is a consequence 
of Proposition 3.4. 
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Proof of Proposition 8.'. First observe that we may realize Pic(X) as well as a 


subgroup A of the group of Cartier divisors of X. For example Pic(X) is isomorphic 
to the group A generated by 

Dq := {0}, £>i :={!}, D v :={!'}, := { oo}. 


For any Cartier divisor D on X , let Ad denote its sheaf of sections. Then the 
homogeneous coordinate ring A(X) is the direct sum of the Ad(X), where D £ A. 
Consider the following homogeneous elements of A(X): 


fi 

h 

is 


1 G A Do (X), / 2 := 1 e A Dl (X), 

1 €A Dl ,(X), / 4 := l e A Doo (X). 

(jzt) e •A.d 1 +d 1 ,-d, x> {X), fe := (yzy) G A Di +d 1 ,-d 0 ( x )- 


Let tp be the algebra homomorphism K[Ti,..., Tg] —* A(X) sending 7) to fi. 
It is elementary to check that p is surjective. Since we assumed K not to be of 
characteristic two, it suffices to show that the kernel of p is the ideal generated by 


Q := T 2 T 3 + T 5 T 4 - TsTd 

An explicit calculation shows that the fi fulfil the claimed relation, that means 
that Q lies in the kernel of p. Conversely, consider an arbitrary element R of the 
kernel of tp. Then there are ry £ K[Ti,..., T 5 ] such that R is of the form 

S 

3= 0 

We proceed by induction on s. For s = 0 the fact that / 4 ,..., / 5 are algebraically 
independent implies R = 0. For s > 0 note first that that </j(ry) is nonnegative in 
Dq in the sense that its component in a degree containing a multiple nD 0 is trivial 
for negative n. 

Since fe is negative in D 0 , and f± is the only generator of A(X) which is strictly 
positive in degree Dq , we can write ry = ry-Tf. Hence we obtain a representation 

R = Y,^ T i T i- 

3=0 

The element r s ((TiT 6 ) s —(T 2 T 3 +T 4 T 5 ) S ) is a multiple of Q. In particular, it belongs 
to the kernel of p. Subtracting it from R 1 we obtain 

R' = J2 r jT( T i’ 

3 =0 

with r'j = r-j for j > 0 and r' 0 = ro + r s {T 2 T 3 + T 4 X 5 )A Applying the induction 
hypothesis to R' yields that I? is a multiple of Q. □ 


Finally, let us note that all our statements on very tame varieties hold under 
more general assumptions. This is due to the fact that free Picard groups always 
can be realized by (free) groups of line bundles. Hence in this case we don’t need 
shifting families to define the homogeneous coordinate ring. This means: 

Remark 8.8. For very tame varieties X, the results of this article hold over any 
algebraically closed ground field K, and one might weaken the assumption O(X) = 
Kto e>*(X) =K*. 
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